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1. Introduction 
Nowadays we all know the importance of the transaction costs. On long run, they are the key determinants of 
the amount of capital to invest and of the net returns. Higher the transaction costs are, capital invested and the 
return to investors is reduced. 
Price discovery and spread formation is a well covered area of research in the market microstructure 
literature. Studies assumed that the effective bid-ask spread is a good measurement of transaction costs and that 
it therefore remained a prime focus of their analysis. 
The measure for the actual transaction costs are the effective spreads and they comprises the location of the 
trade price relative to the bid-ask midpoint. 
One of the starting points in our research was the study of W. G. Christie, J. H. Harris and P. H. Schultz 
(1994). They studied the NASDAQ market and found that at the end of May 1994 the decrease in trading costs 
was not explained by the changes in the stocks’ volatilities, prices or trading volumes. The spreads narrowed 
because market makers abandoned the implicit agreement to maintain a certain level of spreads. 
Another interesting fact is that, based on the availability of the data, we can analyze the transaction costs 
using macro-movement models and micro-movement models. From the point of view of date used, macro 
movement models works with daily, weekly and monthly closing price, while micro movement models refers to 
intraday behavior of transactional price, named as well as ultra high frequency data.  
In our study we chose to use a movement model of intraday prices from Bucharest Stock Exchange based on 
Thomson Reuters Quotes and Volumes and apply it to analyze trade-by-trade stock price data. With this model, 
we propose a reasonable measure for trading costs and trading noise, where estimation results are obtained 
using a Bayesian approach. 
This article proceeds as follows: In Section 1 we made a brief review on the existing literature. Section 2 
describes the model we used. Section 3 presents the econometric methodology applied in our research and the 
database used to test the model. The results are presented and interpreted in Section 4. Section 5 provides the 
conclusions and a summary of our findings. 
2. Literature Review 
R.F. Engle (2000) analyzed 15.000 IBM stock transactions to find a model of the timing of trades and then 
measured the impact of this timing on the price volatility. In his study he used ACD model developed by Engle 
and Russell (1995) and applied a semi parametric approach to estimating the hazard function. One of the main 
assumptions in this study is that the data arrive at random intervals and these intervals may carry information. 
He used a procedure in two steps with associated variables named marks conditional and concluded that there 
is no loss on information. His findings are similar with the results obtained by Easley and O’Hara: longer 
durations are associated with lower volatilities. 
Based on Engle (2000), M.Y. Zhang, J.R. Russell and R.S. Tsay (2001) improved the ACD model using a 
threshold. The nonlinear relation between the conditional expected duration and the lagged durations was tested 
using the TACD model. They found that the fast transaction regime corresponds to the informed trading regime 
as the slow transaction regime identifies with an uninformed trading regime. They also pointed that an 
important feature of the transaction duration is the non stationarity. 
It is important to know if there is a difference between rates of information flows in trading and non trading 
periods. Also we must know if the variances of pricing errors differ at the open and close of trading. T.J. 
George and C.Y. Hwang (2001) determined the correlation between pricing errors and information flow. Their 
findings are not similar with the existing results based on return ratios. They concluded that the daytime rate of 
information flow is about seven times the overnight rate, but the variance of pricing errors is not different. 
R.F. Engle and A. Lunde (2003) focused to determine when price adjustment is rapid and when it is slow. 
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Based on stock traded on New York Stock Exchange they developed bivariate analysis model of the arrival of 
trades and quotes. The measure of the speed at which information is included into prices is the time between a 
trade and a new price quote. Censoring one variable by the other, they formulated a likelihood function, which 
is a generalization of the ACD model developed by Engle and Russell (1998). Their results show that the prices 
respond more quickly to trades when information is flowing. They also wanted to see how the results are 
affected by the quote arrivals that modify only the depth.  Considering that the depth quotes are derived directly 
from the limit order book and the limit orders are submitted more cautiously when market shows informational 
trading, they explained that in this particular case depth revision are more frequent. 
T.H. Rydberg and N. Shephard (2003) studied the evolution of prices in real time by decomposition of the 
price movements. In their study the components of the price movement are: price activity, direction of moves 
and size of moves.    
A general filtering micro-movement model was developed by Zeng(2003), where there is an unobservable 
intrinsic value process for an asset, which correspond to the macro-movement, having a long term impact on 
asset price. Our analysis will be in line with Zeng (2003) micro-movement model. 
3. The micro-movement model 
3.1. The general class of micro-movement models 
The price consists in an intrinsic value process. The trading noise is included in price data. To study the 
trade-by-trade price process was developed a hybrid system denoted (X, Y) where X is the intrinsic value 
process and has a continuous state space. Through the price process Y, the intrinsic value can only be partially 
observed, at unevenly spaced trading times modeled by a conditional Poisson process. The tick set by the 
trading regulations gives to ܻ a discrete state space. In order to apply Bayesian estimation via filtering we need 
to define in a complete filtered probability space (, F, {Ft}0, P) our model (ș, X, Y), where ș is a vector of 
parameters. We make five mild assumptions on the model: 
Assumption1. (X, ș) is a unique solution o a martingale problem for a generator A: 
ܯ௙ሺݐሻ ൌ ݂ሺߠሺݐሻǡ ܺሺݐሻ െ ׬ ۯ݂൫ߠሺݏሻǡ ܺሺݏሻ൯݀ݏ௧଴ ,      (1) 
is a Ftș,X -martingale, where Ftș,X is the ߪ-algebra generated by(ș(s), X(s)0st. 
 
3.1.1. Construction of prices from value 
The construction of price from value has three steps: one was to specify the value processܺሺݐሻ. The second 
step assumes that the distribution of trading times ݐଵǡ ݐଶǡ ǥ ݐ௜ǡ ǥ follows a conditional Poisson process with 
intensity given by ܽሺܺሺݐሻǡ ߠሺݐሻǡ ݐሻ. As we can observe the intensity depends on the asset value and the 
parameters values. The third step specifies the price at time ݐ௜: 
ܻሺݐ௜ሻ ൌ ܨሺܺሺݐ௜ሻሻ,         (2) 
where ݕ ൌ ܨሺݔሻ is a random transformation with the transition probability ݌ሺݕȁݔሻ. 
3.1.2. Counting process observations 
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In this section is defined the price as a collection of counting processes: 
ሬܻԦሺݐሻ ൌ
ۉ
ۈ
ۇ
ேభሺ׬ ఒభሺఏሺ௦ሻǡ௑ሺ௦ሻǡ௦ሻௗ௦ሻ೟బ
ேమሺ׬ ఒమሺఏሺ௦ሻǡ௑ሺ௦ሻǡ௦ሻௗ௦ሻ೟బ
ڭ
ே೙ሺ׬ ఒ೙ሺఏሺ௦ሻǡ௑ሺ௦ሻǡ௦ሻௗ௦ሻ೟బ
ی
ۋ
ۊ
,        (3) 
where ௞ܻሺݐሻ ൌ ௞ܰሺ׬ ߣ௞ሺߠሺݏሻǡ ܺሺݏሻǡ ݏሻ݀ݏሻ௧଴  is the counting process indicating the cumulative number of 
trades that have happened at the kth price level up to time t. 
Assumption 2: ଵܰǡ ଶܰǡ ǥ ௜ܰǡ ǥ are unit Poisson processes under the probability measure ܲ; 
Assumption 3: ሺߠǡ ܺሻǡ ଵܰǡ ଶܰǡ ǥ ௡ܰ are independent under ܲ; 
Assumption 4: For the total trading intensity,ܽሺߠǡ ݔǡ ݐሻ, there is a constant, ܥ, such that Ͳ ൏ ܽሺߠǡ ݔǡ ݐሻ ൑ ܥ 
for all ߠǡ ݔ and ݐ ൐ Ͳ; 
Assumption 5: The intensities are of the form: ߣ௞ሺߠǡ ݔǡ ݐሻ ൌ ܽሺߠǡ ݔǡ ݐሻ݌ሺݕ௞ȁݔሻ , where ݌ሺݕ௞ȁݔሻ  is the 
transition probability from ݔ to ݕ௞ . 
In this framework, ሺߠሺݐሻǡ ܺሺݐሻሻ  is the unobserved signal process, and ሬܻԦሺݐሻ  is the observation process 
polluted by trading noise, which is modeled by ݌ሺݕ௞ȁݔሻ. Hence, ሺߠǡ ܺǡ ሬܻԦሻ becomes a filtering problem with 
counting process observations. 
3.2. The micro-movement model 
First of all, we assume that intrinsic value process is a GMB, which, in stochastic differential equation, ܺሺݐሻ 
follows: 
ௗ௑ሺ௧ሻ
௑ሺ௧ሻ ൌ ߤ݀ݐ ൅ ߪܹ݀ሺݐሻ         (4) 
where ܹሺݐሻ  is a standard Brownian motion, ߤ  is the instantaneous return and ߪ  is theinstantaneous 
volatility. Its generator is:  
ۯ݂ሺߤǡ ߪǡ ߩǡ ݔሻ ൌ ଵଶ ߪଶݔଶ
డమ௙
డ௫మ ሺߤǡ ߪǡ ߩǡ ݔሻ ൅ ߤݔ
డ௙
డ௫ ሺߤǡ ߪǡ ߩǡ ݔሻ     (5) 
where ߩ is the parameter for non-clustering noise (will be zero if there is no non-clustering noise), and is 
included in parameter vector ߠሺߤǡ ߪǡ ߩሻ. 
A deterministic trading intensity ܽሺݐሻ is considered. We also, in order to obtain price process, incorporate 
tree types of trading noise: discrete, non-clustering and clustering. At a trading time ݐ௜  we set ݔ ൌ ܺሺݐ௜ሻ, 
ݕ ൌ ܻሺݐ௜ሻ. Spalding et al. (2006) specify the random transformation ݕ ൌ ܨሺݔሻin three steps: 
Step 1: By adding non-clustering noise ܸ; ݔଵ ൌ ݔ ൅ ܸ, where ܸ is non clustering noise of trade ݅ at time 
ݐ௜.ሼ ௜ܸሽare assumed to be independent of value process, being i.i.d. with a doubly geometric distribution: 
ܲሼܸ ൌ ݒሽ ൌ ൜ͳ െ ߩͲǤͷሺͳ െ ߩሻߩெȁ௩ȁ
݂݅ݒ ൌ Ͳ
݂݅ݒ ൌ േ ଵெ ǡേ
ଶ
ெ ǡǥ
     (6) 
Step 2: Integrate discrete noise by rounding off ݔଵ to the closest multiple of 0.1. ݕଵ ൌ ܴሾݔଵǡ ͲǤͳሿ. 
Step 3: Integrate clustering noise by biasing ݕଵ through a random biasing function ܾሺ°ሻ. 
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The price at a time ݐ௜ is: 
ܻሺݐ௜ሻ ൌ ܾ௜ ቀܴ ቂܺሺݐ௜ሻ ൅ ௜ܸǡ ଵଵ଴ቃቁ ൌ ܨሺܺሺݐ௜ሻሻ      (7) 
The transition probability ݌ሺݕȁݔሻ  of ܨ  can be computed given the specification of ܸ  and ܾሺ°ሻ  by the 
following formula: 
݌ሺݕȁݔሻ ൌ σ ݌ሺݕȁݕଵሻ௬భ ݌ሺݕଵȁݕሻ,        (8) 
where ݌ሺݕଵȁݕሻ is the transition probability from the value ݔ to ݕଵ and ݌ሺݕȁݕଵሻ is the transition 
probability from ݕଵ to price ݕ. 
3.2.1. A measure for trading noise and trading costs 
Harris (1991) shows that integers of prices are most likely and second more likely are haves. This is in line 
with empirical observation from our database. In this sense, the biasing function is constructed based on the 
following rule: if the fractional part of ݕଵ is even tenth, then ݕstays on ݕଵ; if the fractional part of ݕଵ is an odd 
tenth, then ݕ stays on ݕଵ with probability ͳ െ ߙ െ ߚ െ ߛ , where ݕ moves to the closest odd fifth with 
probability ߙ, to the closest half with probability ߚ, and to the closest integer with probability ߛ.  
In order to define a the biasing rule, we must define a classifying function ݎሺ°ሻ as: 
ݎሺݕሻ ൌ
ە
ۖ۔
ۖۓ͵ǡ ݂݅݂ݎܽܿݐ݅݋݈݊ܽ݌ܽݎݐ݋݂ݕ݅ݏ
ଵ
ଵ଴ ǡ
ଷ
ଵ଴ ǡ
ହ
ଵ଴ ǡ
଻
ଵ଴ ǡ
ଽ
ଵ଴
ʹǡ ݂݅݂ݎܽܿݐ݅݋݈݊ܽ݌ܽݎݐ݋݂ݕ݅ݏ ଵହ ǡ
ଶ
ହ ǡ
ଷ
ହ ǡ
ସ
ହ
ͳǡ ݂݅݂ݎܽܿݐ݅݋݈݊ܽ݌ܽݎݐ݋݂ݕ݅ݏ ଵଶ
Ͳǡ ݂݅ݕ݅ݏܽ݊݅݊ݐ݁݃݁ݎ
     (9) 
The clustering parameters,ሺߙǡ ߚǡ ߛሻ will be estimated by a methods of moment variant, namely, the method 
of relative frequency. Let ௜݂  be the sample relative frequency forݎሺݕሻ ൌ ݅ , for ݅ ൌ Ͳǡͳǡʹǡ͵Ǥ  Assuming that 
fractional parts of ܺare uniformly distributed, this method implies: 
ە
ۖ
۔
ۖ
ۓ ଴݂ ൌ
ଵ
ଵ଴ ൅
ଵ
ଶ ߛ
ଵ݂ ൌ ଵଵ଴ ൅
ଵ
ଶ ߚ
ଶ݂ ൌ ଵହ ൅
ଵ
ଶ ߙ
ଷ݂ ൌ ଵଶ ሺͳ െ ߙ െ ߚ െ ߛሻ
՜
ۖە
۔
ۖۓ ߙො ൌ ʹሺ ଶ݂ െ ଵହሻ
ߚመ ൌ ʹሺ ଵ݂ െ ଵଵ଴ሻ
ߛො ൌ ʹሺ ଴݂ െ ଵଵ଴ሻ
     (10) 
Because the impact of each probability is different we need to weight each probability according to its 
impact for the trading noise. Normally, Ȗ, the probability moving to the closest integers has the heaviest impact, 
being twice of ߚ. Therefore, we propose the following summary measure ߖ ൌ ହଵ଴ ߛ ൅
ଷ
ଵ଴ ߚ ൅
ଶ
ଵ଴ ߙ. 
    A measure for trading cost was proposed by Christie and Schultz (1994). They define the effective spread 
(ES) as a measure of trading costs relative to the best price: ES=2|Trade price - „Best Price”|. In our case the 
intrinsic value ܺሺݐሻ is the best price, an can be estimated for each trade using Bayesian estimation via filtering. 
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Spalding et al. (2006) define the effective spread as: ES=2| ܻሺݐ௜ሻ- ܺሺݐ௜ሻ |. 
4. Econometric methodology 
In this section we will present a simple version of the filtering equation, a convergence theorem and a 
recursive algorithm based on Markov chain approximation method to compute the continuous time posterior 
and Bayes estimates. 
4.1. Filtering equation    
     Let ܨ௧௒ሬԦ ൌ ߪ ቄቀሬܻԦሺݏሻቁ ቚͲ ൑ ݏ ൑ ݐቅ be the ı-algebra generated by the observed path of ሬܻԦ. We 
can say that this ı-algebra contain all available information up to the top t. Let ߨ௧  be the 
conditional distribution on ሺߠሺݐሻǡ ܺሺݐሻሻgiven ܨ௧௒ሬԦ. Once we assume priors ሺߠሺͲሻǡ ܺሺͲሻሻ, ߨ௧ becomes 
joint posterior of ሺߠሺݐሻǡ ܺሺݐሻሻ.  
     If ߨሺ݂ǡ ݐሻ ൌ ܧ௉ ቂ݂ ቀ൫ߠሺݐሻǡ ܺሺݐሻ൯ቁ ቚܨ௧௒ሬԦቃ ൌ ׬݂ሺߠǡ ݔሻ ߨ௧݀ሺߠǡ ݔሻǡ Zeng(2003) demonstrate the 
filtering equation given by the following theorem. 
Theorem1.Suppose thatሺߠǡ ܺሻ satisfies assumption 2.1, and ሬܻԦ is defined in Eq.(1) with Assumptions 2-4 with 
a deterministic trading intensity. Then, for every t>0 and for every f in the domain of generator A, ߨሺ݂ǡ ݐሻ is the 
unique solution of the SDE, the normalized filtering equation: 
ߨሺ݂ǡ ݐሻ ൌ ߨሺ݂ǡ Ͳሻ ൅ ׬ ߨሺܣ݂ǡ ݏሻ݀ݏ௧଴ ൅ σ ׬ ቂ
గሺ௙௣ೖǡ௦షሻ
గሺ௣ೖǡ௦షሻ െ ߨሺ݂ǡ ݏ
ିሻቃ ݀ ௞ܻሺݏሻ௧଴௡௞ୀଵ   (11) 
4.2. Convergence theorem and recursive algorithm 
Let ሺߠఌǡ ܺఌሻ be an approximation of ሺߠǡ ܺሻǤ Then we define:  
ఌܻ෡ ሺݐሻ ൌ
ۉ
ۈ
ۇ
ேభሺ׬ ఒభሺఏഄሺ௦ሻǡ௑ഄሺ௦ሻǡ௦ሻௗ௦ሻ೟బ
ேమሺ׬ ఒమሺఏഄሺ௦ሻǡ௑ഄሺ௦ሻǡ௦ሻௗ௦ሻ೟బ
ڭ
ே೙ሺ׬ ఒ೙ሺఏഄሺ௦ሻǡ௑ഄሺ௦ሻǡ௦ሻௗ௦ሻ೟బ
ی
ۋ
ۊ
       (12) 
and ܨ௧௒ഄሬሬሬሬԦ ൌ ߪ ቄቀ ఌܻሬሬሬԦሺݏሻቁ ቚͲ ൑ ݏ ൑ ݐቅ. We use the notationܺఌ ൌ൐ ܺ, to mean ܺఌ converges weakly to ܺ in the 
Skorohod topology as ߝ ՜ Ͳ. 
Theorem2. Suppose that ሺߠǡ ܺǡ ఌܻሬሬሬԦሻ  is on ሺǡ ܨǡ ܲሻ  with Assumptions 1-5, and ሺߠఌǡ ܺఌǡ ఌܻሬሬሬԦሻ  is on 
ሺఌǡ ܨఌǡ ఌܲሻǡ with also Assumptions 1-5. If ሺߠఌǡ ܺఌሻ ൌ൐ ሺߠǡ ܺሻ as ߝ ՜ Ͳ , then as ߝ ՜ Ͳ  (i) ఌܻ ൌ൐ ܻ  and ܧ௉ഄ ቂ݂ ቀ൫ߠఌሺݐሻǡ ܺఌሺݐሻ൯ቁ ቚܨ௧௒ഄሬሬሬԦቃ ൌ൐ ܧ௉ ቂ݂ ቀ൫ߠሺݐሻǡ ܺሺݐሻ൯ቁ ቚܨ௧௒ሬԦቃ, for all bounded continuous functions ܨ. 
Based on this theorem we compute the continuous-time posterior and bayes estimates, in three steps. First 
we built ሺߠఌǡ ܺఌሻ, the Markov chain approximation to ሺߠǡ ܺሻ. Using Theorem 1 we obtain filtering equation 
that is divided in two parts: the propagation equation: 
ߨఌሺ݂ǡ ݐ௜ାଵ െሻ ൌ ߨఌሺ݂ǡ ݐ௜ାଵሻ ൅ ׬ ߨఌሺܣఌǡ ݂ǡ ݏሻ݀ݏ௧೔శభି௧೔     (13) 
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and the updating equation: 
ߨఌሺ݂ǡ ݐ௜ାଵሻ ൌ గഄሺ௙௣ഄǡ௝ǡ௧೔శభ
షሻ
గഄሺ௣ഄǡ௝ǡ௧೔శభషሻ        (14) 
Third, transform Eq.(5) and Eq.(6) in discrete state space an discrete time. For a detailed explanation the 
reader must see Zeng (2003). 
5. Results 
Our empirical study is based on intra-day prices from two companies listed on Bucharest Stock Exchange, 
namely SNP and TGN, during six months, 19/10/2012-03/05/2013. The prices are extracted from Thomson 
Reuters Quotes and Volumes. Figure1, the time series plot of daily closing prices of SNP during 19/10/2012-
03/05/2013 is an example of macro-movement. We can model the time series of daily closing prices using 
discrete time series like ARIMA, or continuous time series model like geometric Brownian motion. 
 
Fig. 1. Daily closing prices for SNP 
 
 
Figure 2 plots all intraday transaction prices of SNP during the same period, a total of 3563 observation. If 
we compare these two figures we can observe that shapes of these two plots are the same, a logical fact, since 
Figure1 is a subplot of Figure 2. We can conclude that if GBM is a good measure for daily closing prices and 
model intraday movement using geometric Brownian motion also.  
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Fig. 2. Intraday prices for SNP 
If we cut a small piece from Figure 2, two days
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Fig. 3. Two days transactions prices for SNP 
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 transactions prices for SNP, we can see that prices do not 
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prices and TGN’s prices have such variation, so we can simplify our analysis taking in account this variation 
rather than minimum tick size). 
Table1 and Tabel2 reports relative frequencies for fractional parts. We can see that price clustering is much 
bigger in the case of TGN, most of transactions being at integers and halves.  
Table 1. Relative frequencies for fractional price for SNP 
Fractional Parts 0 1/10 1/5 3/10 2/5 
 21.58% 3.71% 5.65% 7.66% 7.81% 
Fractional Parts 1/2 3/5 7/10 4/5 9/10 
 17.32% 10.29% 2.71% 9.05% 4.64% 
Table 2. Relative frequencies for fractional price for TGN 
Fractional Parts 0 1/10 1/5 3/10 2/5 
 40.89% 3.10% 4.55% 2.32% 5.24% 
Fractional Parts 1/2 3/5 7/10 4/5 9/10 
 10.98% 6.17% 2.62% 6.17% 3.03% 
 
To obtain, at each trading time, the Bayes estimates and standard errors of (μ, ı, ȡ, X), their joint posterior 
and their marginal posteriors, a Fortran program has been uses. Comparing with Matlab and Octave, it is much 
faster and was tested by Zeng (2003, 2005) using simulated data for different stochastic process including 
GMB with jumps. Parameters values are selected corresponding to annualized expected return, to annualized 
expected volatility and closing price for 19/10/2012.  The estimation results are presented in Table3. 
Table 3. Parameter estimation 
 
           Standard errors are in parantheses 
The effective spread was 0.11 RON for SNP and 1.31 RON for TGN. This is in line with economic 
intuition, since the market for SNP is a liquid one, and even if the effective spread of SNP is multiplied with 
100, in order to make the comparison tractable, there is a significant difference. As we see the clustering noise 
is around 20% for both of them (20% for SNP and 22% for TGN) and non-clustering noise is around 10%. This 
is in line with empirical findings of Spalding et al. (2006).  
 
 SNP TGN 
μ 11.4% (60.2%) 6.45%  
(70%) 
ı 20.68% 
(0.32%) 
13.05% 
(0.41%) 
ȡ 0.078(0.00) 0.12(0.00) 
Ȗ 0.23(0.00) 0.42(0.00) 
ȕ 0.14(0.00) 0.01(0.00) 
Į 0.25(0.00) 0.04(0.00) 
Ȍ 0.20(0.00) 0.22(0.00) 
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6. Conclusions 
In our paper we tried to illustrate the recent developments in the techniques of measure trading costs, 
applying those on the Romanian capital market. We adapted a specific counting process model in order to 
demonstrate the mechanism of a micro-movement model suitable for the trading activity on Bucharest Stock 
Exchange. We also included in our study Bayes estimation via filtering with real-data examples. We choose 
this approach because we don’t want only to obtain trade-by-trade estimates or to illustrate stochastic volatility 
problems. Through this study we aim to provide a specific framework for modeling price micro-movement on 
our stock market and on those with the same features. 
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